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ABSTRACT 
In this paper we give a simple closed formula for a certain limit eigenvalue of a 
nonnegative matrix. We bound the spectral radius of a nonnegative matrix in terms of 
this limit eigenvalue. 
STATEMENT OF RESULTS 
Denote by M,i the set of nonnegative matrices A = (ai j), by Al’] the 
matrix (ali) for any real positive r, and let p(A) be the spectral radius of A. 
In a recent paper Karlin and Ost [4] proved that for any nonnegative matrix 
A the function 
f(A,r)=p(AI”)“‘, r > 0, (I) 
is a strictly decreasing function on (0, co). As explained in [4], it is of interest 
to find the limit eigenvalue 
lim P(A”‘)“‘=P(A). (2) 
r-c.2 
In this paper we give quite a simple formula for p(A). 
Let I= {iI,..., ik} be a set of k distinct integers. A map 
a:z-z 
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is called a cycle of length k if it is possible to rename the integers so that 
I= {ji>...,jk}> e(je)=js+i, s=I, . . . . k, jk+i=jl. (3) 
We denote by $2, the set of all maps (cycles) of the above form which act on 
subsetsof k elementsoftheset {l,...,n} for k=l,...,n.Let 
(4) 
where u acts on the set I of the form (3). We prove 
THEOREM 1. Let A E Mi . Then 
P(A) = ,;T IL,(A), (5) 
,I 
where we tuke the right-hand side as 0 when Q,, = .@ . 
As f( A, r ) is a decreasing function, we have the obvious inequality 
P(A) G P(A). (6) 
In this paper we show the reverse inequality. For A = (a, j) E Mi let 
S(A) = (signum(clij)) (7) 
where 
signum( x) = 1 for x > 0, Signum(O) = 0. 
THEOREM 2. Let A E MT. Then 
P(A) G P(S(A))P(A). (8) 
lf A is irreducible, then the equality sign holds iff A/p(A) is diagonally 
similar to S(A). In particular 
P(A) G v(A). (9) 
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If A is not nilpotent, then the equality sign holds iff A/p( A) is diagonally 
similar to the matrix J having all entries equal to 1. 
PROOFS AND REMARKS 
We refer to [3, Chapter 131 for basic facts on nonnegative matrices. 
LEMMA. LetAEMT. Then 
P(A)< c pc,(A). (10) 
” E %a 
Proof. The well-known formula for the spectral radius of a nonnegative 
matrix A yields 
p(A) = limsup [tr( A”‘)] l”“. 
tll - 0z 
(11) 
Here by tr( A) we denote the trace of A. Put A”’ = (a(,;)). Then (11) is 
equivalent to 
I/n1 
. 
Now 
a$,‘= Caii,ailiz . f aj,$, II, 
(12) 
(13) 
where each i,$ ranges from 1 to n. Observe next that 
P 
Qiilai,ip ” ’ a,,,l ,i = IYIPo,(~> 
k, 
(14) 
for some cycles uj of length k j, j = 1,. . . , p. Such a term appears in the 
expansion of 
176 
Therefore 
( u’,y” 
G c P,(A). 
” E a,, 
Combine (12) with (15) to deduce (10). 
SHMUEL FRIEDLAND 
(15) 
n 
Proof of Theorem 1. The inequality (10) implies 
p( A[‘])“’ < 
Let r + 00 to deduce 
For A =(uij)~ Mz and (I E a,, let A, = (api) be the following matrix. 
Assume that u acts on the set Z of the form (3). We then let 
u~,i~~~=“i,i,i~~ s=l ,..., k; otherwise ,, a” =o. 
Clearly 
A[‘] > A;], T>O 
Therefore 
[ p( A[‘])] 1’r > [ p( A;')] l/r. 
Finally note that (Atl)k is a diagonal matrix with k (the length of a) nonzero 
diagonal entries are equal to Z.L,,(A)‘~. Hence 
[ P(A”‘)]“’ > p(A). 
This establishes the equality (5). n 
Proof of Theorem 2. If A is nilpotent, then p(A) = p(A) = 0 and we 
have the inequality (8). In what follows we assume that A is not nilpotent. 
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The Frobenius form of A implies that I” = p(A) > 0. Without restriction in 
generality we may assume that 
p(A)=l. (16) 
Furthermore, it is enough to consider the case where A is irreducible. We 
now use the techniques introduced by Engel and Schneider [l]. Let 
(17) 
The assumption that A is irreducible implies that x, > 0 for all i. 
Moreover (16) and (17) yield 
‘Iaij ~ ‘j’ i,j=l >...> n. (18) 
Let X be the diagonal matrix diag{ -r,, . . . , x,, }. We then deduce 
XAX-‘<S(A). (19) 
SO 
P(A)=p(XAX~‘)~p(S(A)). (20) 
The above inequality is equivalent to (8). Since A is irreducible then S(A) is 
irreducible. According to [3, p. 571 the equality sign in (20) holds iff the 
equality holds in (19). That is A is diagonally similar to S(A). Finally, as 
S(A) < J, we deduce that 
p(A) Q ~(1) = n 
and equality holds iff S(A) = J. The proof of the theorem is completed. n 
We conclude our paper with the following remarks. 
First, we note that it is of interest to provide upper bounds on the spectral 
radius of a 0 - 1 matrix S belonging to various classes of 0 - 1 matrices, for 
example the class of 0- 1 matrices having a fixed numbers of ones. See our 
recent paper [2] and the references there. Of course, we have the standard 
inequality 
P(S) G PII (21) 
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for any operator nonn /lAll. In fact, if we choose l/All to be the I, norm (the 
maximal row smn of the absolute elements of A), we get 
p(S) < maxr,(S). (22) 
Here r,(S) is the ith row sum of S. It is of interest to find a good bound on 
p( S ) on the class of 0 - 1 matrices with prescribed row sums 
r,(S) = r,> i=l ,...,n. (20) 
Note that one can use Lemma 14 in [2] to see that it is enough to consider S 
such that the elements of each of its row form a decreasing sequence. 
Second, we recall result of Engel and Schneider [l] in which they give 
another characterization of p(A) characterized by (5). For A = (a ,]) E M,: 
let 
IAI = maxa,j. 
i.j 
Denote by D the set of nonnegative invertible diagonal matrices. Then 
THEOREM 3 (Engel and Schneider). Let A E M,: . Then 
inf [XAX ‘1 = p(A). 
z 6 n 
(24) 
(25) 
If A is nonnilpotent, then the above infimum is achieved. 
1 would like to thank Hans Schneider for useful remarks which improved 
this paper substantially. 
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